The time-derivatives up to the 6th-order of Eulerian and Lagrangian velocity fields in homogeneous and isotropic turbulence are computed. The Taylor expansions in powers of the time difference of the Eulerian as well as the Lagrangian two-time velocity correlations, and their Padé approximations are constructed from the time-derivatives. The Padé approximations are found to be in good agreement with direct numerical simulations.
to t gives Two-time correlation functions play important roles in the studies of turbulence. For example, the turbulent diffusivities are determined by the Lagrangian two-time velocity correlations, whereas the Eulerian two-time correlation plays a key role in statistical theories of turbulence such as the direct interaction approximation (DIA).
1)
In this letter, we consider the Lagrangian as well as Eulerian two-time correlations in incompressible homogeneous and isotropic turbulence of unit density obeying the Navier-Stokes (NS) equation;
where u ≡ u(x, t) is the Eulerian velocity at position x and time t, and ν the kinematic viscosity. In the following, it is convenient to use symbolic notations, and write (1) as
where M and L respectively stand for bilinear and linear operators in (1) after the elimination of the pressure term p using the incompressibility condition under appropriate boundary conditions (e.g., periodic one as used below). Let us write the Taylor expansions in powers of time of the Eulerian field as
and the Lagrangian field as
where v(x, t ; t) is the Lagrangian velocity at time t of the fluid particle that was at position x at time t , and the superscript (n) denotes the n-times differentiation with respect to time t; at time t = 0, and u (0) (x) = v (0) (x) = u(x, t 0 ). Repeating the differentiation of (2) with respect
where
The Eulerian expansion (3) with (5) has been used in the studies of spontaneous singularity appearance in the Taylor-Green flow. 2, 3) Regarding the Lagrangian time derivatives, we have
where the operators T and U are defined by T a ≡ ∂a/∂t and U a ≡ (u · ∇)a. Thus we can compute (u (n) , v (n) ), for n = 1, 2, 3, ..., successively from any given u (0) , provided that M : ab, C : ab ≡ (a · ∇)b, and La can be computed for any a and b.
In practice, we use, as shown below, the Fourier spectral method under periodic boundary conditions, where the field a and the operators M and C are approximated by the filtered fieldā and operatorsM andC, respectively, whereā ≡ Fa,M ≡ FM ,C = FC, and F denotes the filtering operation discarding Fourier modes of wavenumbers higher than, say K MAX . This implies that the original dynamics (2) is approximated by
whereL ≡ FL = L, in the spectral method. The Taylor expansions (3) obtained by (5) with M replaced byM are exact for the field obeying (2 ). The expansions (3) and (4) are free from any error associated with time descretization, in contrast to numerical solutions based on the use of any finite time differencing scheme in which the time-step must be, in general, very small to accurately follow very small scale dynamics. Let us first consider the probability distribution functions (pdf's) of the time-derivatives of the velocity fields. Although there have been extensive studies on the intermittency of space-derivatives, little has been studied on the time-derivatives, especially high-order derivatives. It is therefore interesting to see the pdf's of the time-derivatives. Figure 1 shows the pdf's of the timederivatives u (n) 1 and v (n) 1 obtained by (5) and (6) up to n = 6 with K MAX = 21, where
, the wavenumber increment ∆k = 1, the kinematic viscosity ν = 0.005 and u (0) is given by a randomly generated incompressible field u R that has a well known isotropic energy spectrum;
with k 0 = 4.0 and C is a normalization constant, chosen such that u 2 ≡ u R · u R = 1. Here and hereafter, the brackets are to be understood as the volume average. Since the number of the terms to be evaluated for estimating u (n) and v (n) increases enormously with n, the manageable magnitude of n is limited. In practice, we have computed u (n) and v (n) up to n = 6. The field u R is random and independent of the dynamics. In order to study the possible effects of the structure of turbulence due to the dynamics, we have performed direct numerical simulations (DNS) of turbulence obeying (1) in a 2π-periodic box under the initial condition u = u R at t = 0, by using the spectral method with the 2/3-rule for dealiasing, in which the parameters K MAX , ∆k and ν are the same as used in the computation of time-derivatives, such that the initial Reynolds numbers u /(k 0 ν) = 50. Figure 2 shows the pdf's at t 0 = τ = 0.4, where τ is the time when the skewness attains its peak value.
In both Figs. 1 and 2, it is seen that the pdf for n = 0 is nearly Gaussian, but those for n = 0 are far from Gaussian and the deviation from the Gaussian behavier is stronger for higher n. Regarding v (1) , it has been known that its pdf's are far from Gaussian. 4, 5) The deviations from Gaussian behavier of pdf's for n = 1 may not be surprising if we take into account that the n-th order derivatives are n-th order in u (0) provided the viscous term is negligible, and the products of Gaussian variables are in general not Gaussian. Figures 1 and 2 also show that the difference between the pdf's for n = k and n = k + 1 is largest for k = 0. Although some differences are observed between the pdf's of Lagrangian and Eulerian fields (i.e., between Figs. 1(a) and 1(b), Figs. 2(a) and 2(b)), and also between the pdf's of initial random field at t 0 = 0 and the evolved fields at t 0 = τ (i.e., between Figs. 1 and 2 ), it seems difficult to derive any definite conclusion about their differences at this stage. It would be interesting to try larger scale computations with higher Reynolds number.
From the expansions (3) and (4), we can obtain the expansions of the Eulerian and Lagrangian one-point correlations R E and R L as 
The evaluations of the coefficients c
L from n = 0 to n = N enable us to construct Padé approximations
and
respectively, where P I (t) and Q I (t) are I-th order polynomials in t, K < M and K + M N (see, for e.g.
ref. 6).
The performance of the Padé approximations may be assessed by comparing them with the DNS values of the correlations, as in Figs. 3 and 4 . In the DNS, the Eulerian velocity field is obtained by the spectral method noted above, and the Lagrangian statistics are simulated by tracing trajectories of particles initially located at regularly spaced grid points. The number of particles is 512. As is well known, the polynomials in the denominator of Padé approximations may have real zero(s), at which the approximation diverges. The approximation would be then clearly invalid in the present problem if the zero is in the observed time range, and such approximations are excluded from the figures. Figures 3 and 4 show that the Padé approximations agree well with DNS for both Eulerian and Lagrangian correlations, and not only for the random field at t 0 = 0 but also for the evolved field at t 0 = τ . The agreement between DNS and the Padé approximations is impressive even at quite a low order approximation such as P [1/2] . Such a good agreement has also been known between the solutions of the DIA equations for Eulerian two-time functions and their Padé approximations. 7) Note that the present Padé approximations are free from any spectral closure approximation.
Strictly speaking, the individual trajectory of the solution of (2 ) in the phase space may in general be different from that of (2) . Recall here that such a difference is also inevitable in any DNS, where one can deal with only finite-number modes (under appropriate definitions of the modes and the operators F,M andL). The use of the DNS is based on the assumption that the solution of (2 ) can still represent certain features, particularly certain statistical properties, of the exact dynamics (2) . Our use of the filtered fieldū and operatorsM ,C in (5) and (6) as mentioned above is based on a similar assumption. Since higher wavenumber modes are excited by the nonlinearity associated with the operators M and C, it is not surprising that higher time derivatives, espe- cially Lagrangian ones, may be sensitive to the filtering or the resolution. Its effect may be pragmatically estimated by checking, for e.g. possible dependences on the truncation wavenumber K MAX , as widely done in various DNS. In this respect, we have also computed the coefficients using (5) and (6) by doubling K MAX , i.e., putting K MAX = 21×2. It has been confirmed that although the resulting Padé approximations are not exactly the same as those shown in Figs. 3 and 4, the differences are not significant, and the figures are omitted here. Since the statistically averaged correlations must have a much more gentle dependence on the wavevectors than the fluctuating field in DNS, it may be expected that we may use a coarser grid system in the wavevector space with wider increment ∆k in computing the coefficients in (8) and (9) through (5) and (6) than in the DNS. In order to test this possibility, we have computed the coefficients using (5) and (6) by appropriately defining the values of u on coarser grid points in the wave vector space with ∆k = 2. The number of operations and the required memory for the computations of M : ab and C : ab with ∆k = 2 may be then reduced by a factor of 1/2 3 = 1/8 as compared with those with ∆k = 1. The resulting Padé approximations are shown in Fig. 5 , where we ascribe a value of 8.0 to k 0 in (7). Figure  5 suggests a possibility of economizing the computation for getting rough estimates of correlation functions by using a coarse grid system. It would not be surprising if the performance would depend on the grid width, and the characteristic wavenumber of energy containing range, K MAX , and the possible dependences remain to be checked before practical applications.
Finally, it is to be noted that the method presented in this letter is applicable not only to isotropic turbulence, but also to a wide class of turbulences obeying the dynamics expressed in (2), including turbulence under mean shear flow and/or stratification. It is also applicable to the computations of two-point two-time Lagrangian correlation that determines pair-particle relative diffusivity in turbulence. These applications are left for future studies.
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